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Abst ract - -By  the quadrature method, we show that if there exists a _< 2 such that 
f (s)  =Le[0 ,  co), lim sup 
s--*+~o s (ln s) ~ 
then, the problem u"(x) -- Af(u(x)), u(ze) >_ 0, x E (0, 1), u(0) = u(1) --- co has no solution in 
C2(0, 1), for any ), > 0; and if there exists a > 2 such that lims--.+oo inf(f(s)/s(ln s) a) = L E (0, co], 
then, the problem has a solution u E C2(0, 1) for some )~ > 0. © 2004 Elsevier Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In this note, we investigate necessary and sufficient conditions for the existence of boundary 
blow-up solutions of the following model problem 
~" (~) = ~/ (~ (x)) ,  ~ (~) > 0, ~ e (0 ,1 ) ,  
lira ~ (~) = o0 = lim ~ (~), 
z-*O+ m--~l- 
(1.!) 
where A is a positive parameter, f E C1R), or f e C([a, co))A Cl((a, co)), for some a E R. 
Explosive solutions to the problems 
A~ (x) = f (~ (~)) ,  x e ~,  ~io~ = +co ,  (1.2) 
have been extensively studied, see [1-12], where ~ is a bounded omain in R N with N >_ 2, and 
the last condition means that u(x)  ~ +co  as d(z)  = dist(x, 0~) ~ 0. For f (u )  = e ~, N == 2, 
this problem was first considered by Bieberbach [8] in 1916. In this case, problem (1.2) plays an 
important role in the theory of Riemannian surfaces of constant negative curvatures and in the 
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theory of automorphic functions. Rademacher [8], using the ideas of Bieberbach, showed that 
if ~ is a bounded omain in R 3 with C 2 boundary, then, problem (1.2) has a unique solution 
u E C~(f~) such that ]u(x) + 21nd(x)t is bounded on ~. In this case, this problem arises in 
the study of an electric potential in a glowing hollow metal body. In [8], Lazer and McKenna 
extended the results for ~, a bounded omain in R N, which satisfies a uniform external sphere 
condition. For f(u) = u p, p > 1, problem (1.2) arises in problems in geometry [9]. In this case, 
existence and uniqueness ofthe explosive solution and its asymptotic behavior near the boundary 
has also been discussed in [1,2,11]. For general increasing nonlinearities f(u), and ~ a bounded 
ball in R N, Keller [4] and Osserman [10] showed that the solutions to problem (1.2) exist if and 
only if 
oo ds 
< ~ (1.3) 
where F'(s) = f(s). For the further investigations of explosive problems for elliptic equations, 
see [1-3,5-7,11-13]. For N -- 1, Anuradha, Brown and Shivaji [14] mainly proved the existence 
and multiplicity of solutions to problem (1.1) based on building a quadrature method for such 
boundary blow-up solutions as follows. 
Define 
F(s)  = f ( t )  dr; I := {s > 0 : f (s)  > 0, F(t )  > F(s ) ,  Vt > s}. (1.4) 
Anuradha, Brown, and Shivaji [14] obtained the next three lemmas. 
LEMMA 1.1. Given A > O, f E C ~, there exists a unique solution u 6 C2(0, 1) to problem (1.1) 
with m = u(1/2) = minxe(0,1) u(x) if and only if 
f~  ds = vq,  for m e I. (1.5) 
V (~) := ~ v~F (s) - F (~) 
LEMMA 1.2. I f  there exists any solution u e C~(O, 1) to problem (1.1), for any A > O, then, 
nm sup f (s--A) = +~.  (1.8) 
s--*+oo 8 
LEMMA 1.3. I f  there exists a > 1, such that 
~m f (s--A) = +~,  (1.7) 
s--*+oo 8 a 
then, there exists a solution u 6 C2(0, 1) to problem (1.1) for some A > O. Moreover, G(m) is 
well defined and continuous, for ali m e I. 
Shin-Hwa Wang [15] then obtained the following two lemmas. 
LEMMA 1.4. H there exists any solution u 6 C2(0, 1) to problem (1.1), for any A > O, then, 
lim sup f (s)  =+c~. (1.8) 
s-.+oo 
LEMMA 1.5. I l l ( s )  satisfies 
lira inf f is) = L, L e (0, co], (1.9) 
s-~+oo s ( Ins)  3 
then, there exists a solution u E C2(0,1) to problem (1.1) for some A > 0. Moreover, G(m) is 
well defined and continuous, for a//m 6 I. 
In this note, we will combine the classical Osserman-Keller condition (1.3) with Lemma 1.1 
and improve the above existence results to problem (1.1). 
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2. MAIN RESULTS 
LEMMA 2.1. Let A > O, f 6 CI(R), or f 6 C([a, co)) M Cl((a, co)) for some a e R, and m C I. 
G(m) < co if and only if /]° H (m):= ~ < c~. (2.1) 
THEOREM 2.1. If there exists a <_ 2, such that 
l~loo sup f (s) L, L c [0, oo), (2.2) 
then, problem (1.1) has no solution in C2(0,1), for any A > O. 
THEOREM 2.2. If there exists a > 2, such that 
lim inf ~ = L, L e (0, oo], (2.3) 
8 -'+-~-OO 
then, there exists a solution u E C2(0, l) to problem (1.1) for some A > O. Moreover, C(m) is 
well defined and continuous, for all m E I. 
REMARK 2.1. By the same proof of Theorems 2.1 and 2.2, we can show the following results. 
COROLLARY 2.1. If there exists a < 2, such that 
lim sup f (s)  ~-~+oo s(ln~)2[ln (ln s)] = : L, L e [0, oo), (2.4) 
then, problem (1.1) has no solution in C2(0,1), for any A > O. 
COROLLARY 2.2. If there exists a > 2, such that 
lira inf f (s) 8--.+oo s(lnS)2[ln (In s)] ~ = L, L E (0, col, (2.5) 
then, there exists a solution u E C2(0,1) to problem (!.1) for some A > O. Moreover, G(m) is 
we11 defined and continuous, for all m 6 I. 
PROOF OF LEMMA 2.1. Note that 
f~  ds a (,~) := V~ 4F  (s) - F (m) < oo, m e I 
if and only if 
/m m+~ ds /c~ ds 
x/F (s) - F (m) < oo, 6 > 0 and x/F (s) -F  (m~ < oo, b > m. 
Let m e I. Since I is open in [0, oe], there exists 6 > O, such that [m, m+ ~] C I, and f(s) > O, 
Vs e[m, m + 6]. Define c(m, 6) = mins~[,~,,~+~] f(s), we see that c(m, 6) > 0, and 
/m m +6 ds 
vie (s) - F 
=/m+~ ds 
~m v~f  (t) dt 
/ m+~ ds 
<- x/c(m, (s - m) 
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Obviously, 
/? /? x /~ <- v/F (s) - F (m) < oo. 
On the other hand, if J~ (ds /x /~)  < oo, i.e., Vs > O, SB > b, such that 
/B ~'' B" B' 
ds E ~<~,  > >B. 
! 
Since F(s) is increasing on I, we see that 
i.e. 
s /~  dt 
O< ~ <_ 2 /2 ~ < e' V s > 2B, 
Thus, there exists B1 > 2m such that 
s 
lim - -  - -0 .  (2.6) 
F (s) >_ 2F (m) , s >_ B1. 
Consequently, 
1 
F (s ) -F (m)  > ~F(s ) ,  Vs_> B1, 
/?  )ds-- F (m) £~ ds 
~/F (s- < v~ < oo. 
PROOF OF THEOREM 2.1. By (2.2), there exist L > L and B2 > 0, such that 
(2.7) 
f (s) _</~g (s), g (8) = 2 (1 + s) [ln (1 + s)] a + c~ (1 + s) [in (1 + s)] ~-1, Vs _> B2, 
which implies 
8 
F(s )<L  g(s) ds=L( l+s)2[ ln( l+s)]  ~, Vs>B2, 
1 [oo 
/ ?  ds i f ?  ds L In (ln (1 + s)) B2 = °c' 
2 X//-F-~ ~Z 2 ( l+s)[ ln(l+s)] a/2= 2 [ln(l+o,](2_a)/21oo 
L (2 --  C~) o)j IB2 ---- OO, 
hence, C(m) = 0% i.e., problem (1.1) has no solution, for any A > 0. 
PROOF OF THEOREM 2.2. By (2.3), there exist l C (0, L) and B3 > 0, such that 
0~----2~ 
oe<2, 
f(s) >_lg(s), g(s)=2( l+s)[ ln(1Ws) la+a( l+s)[ ln( l+s)]  a-l, Vs>_B3, 
which implies 
8 
F(s) >_ l g(s) ds=l( l+s)2[ ln( l+s)]  ~, Vs>_B3, 
/~ ~s 1 /~ ,~s ~ Eln(l + B3)l-~°-21' 2 < ~, 
3 ~ -< -/ 3 ( l+s) [ ln ( l+s) ]~/~ =l(a -2 )  
for a > 2. Thus, G(m) < ec. By the proof of lemma 1.1 in [14], we see that there exists a solution 
u E C2(0, 1) to problem (1.1) for some A > 0. Moreover, G(m) is well defined and continuous, 
for all m C I. 
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